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Abstract. Sometimes a loud noise or high pitched squeal occurs when the brakes are applied. It 
is generated during the braking phase and is characterized by a harmonic spectrum. Brake squeal 
is induced by self-excited vibrations, consequences of local nonlinearities at the contact 
interface. Many researchers have examined the problem with experimental, analytical, and 
computational techniques, but there is still no method to fully annihilate brake squeal. This paper 
deals with presentation of a new model to analyze the brake squeal behavior. In this paper, a 
lumped-continuous vibration model is presented for the braking system and nonlinear equations 
are obtained using the Hamilton’s principle. Then, the linearization of nonlinear equations is 
done around the equilibrium point of system and linear stability analysis is discussed. 
Furthermore, the effects of different braking parameters such as friction coefficient, rotational 
speed, pad stiffness, calipers etc. on the brake squeal noise are investigated. 
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Introduction 
 
Automobiles are the main mode of transportation for people travelling from one place to 
another. Brakes are one of the most important safety and performance components in motor 
vehicles. A wide range of brake noise and vibration phenomena is described by many 
investigators. Squeal, groan, chatter, judder, moan, hum, and squeak are just a few of the names 
found in the literature [1]. Brake mechanisms are the place of complex dynamic behaviors which 
can lead to the emission of unpleasant sounds as squeal.  No precise definition of brake squeal 
has gained complete acceptance, but it is generally agreed that squeal is a sustained, high-
frequency (1–20 kHz) vibration of brake system components during a braking action [2]. Overall 
brake squeal can be annoying to the vehicle passengers, passers-by, pedestrians, etc. especially 
as vehicle designs become quieter. There has been significant progress in understanding the 
generation of brake squeal and in developing numerical methods for analyzing its characteristics 
[3–7]. However, as mentioned by Oberst and Lai [8], the problem of predicting and reducing 
brake squeal propensity remains as challenging as ever. This is because the nature of brake 
squeal is fugitive, transient due to its high dependency on a large number of interacting 
parameters, such as contact conditions, material properties and ever-changing operating 
conditions. Traditionally, research into brake squeal has been focused on three approaches using: 
(1) experimental methods to study the vibration and acoustic responses of a brake system; (2) 
numerical methods, predominantly finite element analysis techniques, to assess brake squeal 
propensity; and (3) simplified analytical models to gain insights into the mechanisms of brake 
squeal generation [9]. Most early works on instability analysis were performed with hand-
derived equations for mass-spring models that were used to represent real structures. The 
analyses for more complicated mass-spring models by Jarvis and Mills [10], Earles and Lee 
[11], North [12], Millner [13], and many others have revealed that even when the friction 
coefficient is constant, the model can be unstable if the friction force couples two degrees-of-
freedom together. A large-scale finite element analysis of the stability of the linearized brake 
system also confirms that instability arises when two modes coalesce under the influence of 
friction. For the first time Chan et al. [14] considered the disk and transitional disk vibrations as 
a plate and analytical components modes, respectively. In the work of Chowdhary et al. [15], 
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individual brake components were modeled and solved separately for their modal characteristics. 
Then, these were coupled together at the contact interface and the equations of motion were 
derived through the Lagrangian approach. Chakraborty et al. [16] also used thin plate model for 
the disc. They introduced nonlinear spring for the pads. Von Wagner et al. [17] further 
demonstrated that the frequency of the limit-cycle vibration of the disc was very close to that of 
the linear unstable vibration obtained through a complex eigenvalue analysis. Lee et al. [18] 
expressed modal sound radiation of a brake rotor in terms of analytical solutions of a generic 
thick annular disk having similar geometric dimensions. They used finite element method to 
determine structural modes and response. Joe et al. [19] proposed a linear, lumped, and 
distributed parameter model to represent the floating caliper disc brake system. The complex 
eigenvalues were used to investigate the dynamic stability, and, in order to verify simulations 
which are based on the theoretical model, an experimental modal test and dynamometer test 
were performed.  
Analytical methods cannot resolve the complex interactions between components of the 
braking system features to model them; however, they can provide sufficient understanding of 
the mechanisms causing the brake squeal phenomena. This paper deals with analytical analysis 
of brake squeal. First, an appropriate physical model is presented for the brake system, and then 
the governing equations are obtained using Hamilton’s principle. The linearization of nonlinear 
equations is performed around the balance point and linear stability analysis is discussed. 
Finally, system stability is analyzed in state space and the effect of different parameters on 
stability of brake system is investigated. 
 
Modeling of brake system 
 
A lumped-continuous vibration model is used for modeling the brake system as shown in 
Fig. 1. This model consists of a rotating circular disk with angular velocity of Ω. Displacement 
in the direction normal to the disk is presented by wd. The caliper is modeled by two bodies (m1, 
m2) above and below the disc. Displacement of the first and second mass is represented with wc1 
and wc2 respectively. They are connected to a pin by two rods with length of λ. The rods are 
massless and are connected to each other by a torsional spring with stiffness of kT. The lower 
mass is connected to the internal pad by a spring with stiffness of kc and a damper with damping 
coefficient of dc. Pads are assumed to be massless and are modeled by a spring and damper with 
stiffness and damping coefficient of kp and dp, respectively (Fig. 1).
 
 
 
Fig. 1. The model of a brake system [20] 
 
Analytical modeling 
 
Hamilton’s principle is expressed as [21]: 
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AL is the area of the hoof. Potential energy of torsional spring is obtained as following: 
 
2
2 12
1
( ) ,
2
T
kt c c
k
U w w
l
= −  
2 1 2 12
( )( )T
kt c c c c
k
U w w w w
l
δ δ δ= − −      (6) 
In order to find the virtual work, according to Fig. 2 we can write: 
0
0
1 2[( )( ( )) ( )( ( ))]
2 2
o
i
r
d d
f
r
w wh h
W f f rdrd
r r
ϕ
ϕ
ϕ
ϕ ϕ−
∂ ∂
= − − + −
∂ ∂∫ ∫       (7) 
where 
1
,f  
2
f  are the friction force per unit area between the discs and pads: 
. .
11 1
cos
( )( ( ) ( ))
sin 2
1
2
d cp d c pf k w w d w w
µ θ
µ θ
= − + −
+
       
(8)
 
. .
22 2
cos
( )( ( ) ( ))
sin 2
1
2
c deq c d p
f k w w d w w
µ θ
µ θ
= − + −
−
 
 859. ANALYTICAL FRAMEWORK FOR ANALYZING BRAKE SQUEAL NOISE USING ASSUMED-MODES APPROACH. 
BASHIR BEHJAT, AMIR AFKAR, ALI BANAN-NOJAVANI, AMIN PAYKANI 
 
 
 
 VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. SEPTEMBER 2012. VOLUME 14, ISSUE 3. ISSN 1392-8716 
1357 
 
Fig. 2. Direction of friction force 
 
Virtual work of compressive force is: 
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Virtual work of depreciation force in lower dampers can be obtained as: 
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It should be noted that the total amount of kinetic and potential energy of the system is 
summation of kinetic and potential energies of the system components: 
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Based on assumed modes assumptions, we selected only one mode of the plate to obtain new 
lumped system against continuous system. We can obtain the natural frequencies of the plate by 
using the method suggested by Meirovitch [21]. The corresponding natural frequency is 
obtained and is shown in Table 2. Now, by neglecting higher order terms and linearization about 
balance point, we can obtain the final equations of the system. The final four linear equations of 
the system are obtained as: 
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System stability analysis 
 
The obtained equations represent a dynamic system with four degrees of freedom. For 
stability analysis of the system, the above-mentioned differential equations are taken into state 
space and stability analysis is carried out there. For this purpose, the equations are written in a 
matrix form: 
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Equations in state space will be as following: 
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 859. ANALYTICAL FRAMEWORK FOR ANALYZING BRAKE SQUEAL NOISE USING ASSUMED-MODES APPROACH. 
BASHIR BEHJAT, AMIR AFKAR, ALI BANAN-NOJAVANI, AMIN PAYKANI 
 
 
 
 VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. SEPTEMBER 2012. VOLUME 14, ISSUE 3. ISSN 1392-8716 
1359 
For the stability analysis in state space, the eigenvalues of matrix Φ should be obtained and 
stability analysis will be done according to those values. If the eigenvalues have positive real 
parts, the system will be unstable and break squeal phenomenon will occur. 
 
Results and discussion 
 
The general specifications of the brake disk are shown in Table 1. Next issue is variation of 
the eigenvalues with the rotational speed of the disc. In the equations, rotational speed of the 
disc should be considered as constant in order to obtain the results; while disc rotational speed 
varies during the braking process. Therefore, variation of rotational speed with eigenvalues is 
shown in Fig. 3. It is evident that increasing the rotational speed of the disk, results in system 
instability. On the other hand, it seems that the eigenvalues of the matrix Φ are proportional to 
pad stiffness. The variation of eigenvalues with pad stiffness is represented in Fig. 4. It is clear 
that by increasing pad stiffness system may become unstable and thus possibility of brake squeal 
occurrence increases. 
 
Table 1. System specifications 
Parameter Value 
Disk inner radius 0.08 m 
Disk outer radius 0.2 m 
Disk height 0.025 m 
m1 0.5 kg 
m2 1 kg 
Rod length 2 m 
 
 
Fig. 3. Variation of eigenvalues with rotational speed 
 
 
Fig. 4. Variation of eigenvalues with pad stiffness 
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Other system parameters such as caliper mass, length of rods and torsional stiffness of the 
springs have less effect on system stability. Fig. 5 is presented in order to demonstrate effect of 
these parameters on the eigenvalues of the matrix Φ. Variation of brake system stability, with 
damping coefficient is more complex. So that, at lower ranges, the damping coefficient variation 
does not have much effect on the system stability. But at higher ranges, it results in system 
instability. However, it seems that by increasing pad stiffness the brake system has more 
tendencies to become stable as illustrated in Fig. 6. 
 
 
Fig. 5. Variation of eigenvalues with m1 and m2  
 
 
Fig. 6. Variation of eigenvalues with damping coefficient 
 
Conclusions 
 
In this paper, brake squeal noise in automobiles is analytically investigated by a lumped-
continuous model. A new model is presented for the brake system. This model includes both 
lumped and continuous components. Then the governing equations of system are obtained using 
Hamilton’s principle and are solved by the assumed-modes approach. At last, system stability is 
analyzed in state space and the effect of different parameters on stability of brake system is 
investigated. The obtained results are as follows: 
• Brake system is stable for low friction coefficient, but, by increasing friction coefficient the 
brake system becomes unstable while other system parameters remain constant. On the other 
hand, since friction coefficient has a direct effect on braking torque, so, probably, there should 
be an optimal value for it. 
• Brake system is stable for low rotational speeds, but by increasing the disc rotational speed, 
the system becomes unstable. It is better for braking to be an instantaneous process to prevent its 
occurrence.  
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• Increasing the mass of caliper resulted in reaching the system from oscillating mode to stable 
mode, that taking into account other design parameters of caliper, an optimal value can be 
achieved for its mass. 
• Increasing the pad stiffness led to system instability, on the other hand, pad stiffness is 
directly proportional to the braking. The pad stiffness values are obtained through experimental 
data. 
 
References  
 
[1] Kinkaid N. M., O’Reilly O. M., Papadopoulos P. Automotive disc brake squeal. Journal of Sound 
and Vibration, Vol. 267, 2003, p. 105–166. 
[2] Chen F., Tong H., Chen S.-E., Quaglia R. On Automotive Disc Brake Squeal. Part IV: Reduction 
and Prevention, SAE Paper, 2003-01-3345.  
[3] Papinniemi A., Lai J. C. S., Zhao J., Loader L. Brake squeal: a literature review. Applied 
Acoustics, Vol. 63, 2002, p. 391–400. 
[4] Chen F., Tan F., Chen C., Tan C. A., Quaglia R. L. Disc Brake Squeal: Mechanism, Analysis, 
Evaluation and Reduction/Prevention. SAE-Society of Automotive Engineers, 2006. 
[5] Ouyang H., Nack W., Yuan Y., Chen F. Numerical analysis of automotive disc brake squeal: a 
review. International Journal of Vehicle Noise and Vibration, Vol. 1, 2005, p. 207–231. 
[6] Sergienko V. P., Bukharov S. N. Vibration and noise in brake systems of vehicles. Part 2: 
Theoretical investigation techniques. Journal of Friction and Wear, Vol. 30, 2009, p. 216–226. 
[7] Chen F. Automotive disk brake squeal: an overview. International Journal of Vehicle Design, Vol. 51 
(1/2), 2009, p. 39–72. 
[8] Oberst S., Lai J. A critical review on brake squeal and its treatment in practice. Internoise, 2008, 
Shanghai. 
[9] Oberst S., Lai J. Statistical analysis of brake squeal noise. Journal of Sound and Vibration, Vol. 330, 
2011, p. 2978–2994. 
[10] Jarvis R. P., Mills B. Vibration induced by dry friction. Proc. IMechE, Vol. 178, 1963-64,                
p. 847–866. 
[11] Earles S. W. E., Lee C. K. Instabilities arising from the frictional interaction of a pin-disc system 
resulting in noise generation. ASME Journal of Engineering for Industry, Vol. 98, Issue 1, 1976,       
p. 81–88. 
[12] North N. R. Disc brake squeal. Proceedings of IMechE, C38/76, 1976, p. 169–176. 
[13] Millner N. An analysis of disc brake squeal. SAE Paper, 780332. 
[14] Chan S. N., Mottershead J. E., Cartmell M. P. Parametric resonances at subcritical speeds in discs 
with rotating frictional loads. Proceedings of IMechE, Part C, Vol. 208, 1994, p. 417–425. 
[15] Chowdhary H. V., Bajaj A. K., Krousgril C. M. An analytical approach to model disc brake system 
for squeal prediction. Proceedings of 2001 ASME Design Engineering Technical Conference and 
Computers and Information in Engineering Conference, Paper DETC2001/VIB-21560. 
[16] Chakraborty G., Jearsiripongkul T., Von Wagner U. T., Hagedorn P. A new model for a floating 
caliper disk-brake and active squeal control. VDI-Report 1736, 2002, p. 93–102. 
[17] Von Wagner U. T., Jearsiripongkul T., Vomstein T., Chakraborty G., Hagedorn P. Brake 
squeal: modeling and experiments. VDI-Report 1749, 2003, p. 173–186. 
[18] Lee H., Singh R. Sound radiation from a disk brake rotor using a semi-analytical method. SAE 
2003.01.1620. 
[19] Joe Y. G., Cha B. G., Sim H. J., Lee H. J., Oh J. E. Analysis of disc brake instability due to 
friction-induced vibration using a distributed parameter model. International Journal of Automotive 
Technology, Vol. 9, Issue 2, 2008, p. 161–171. 
[20] Jearsiripongkul T., Hagedorn P. Parametric stability analysis of a floating caliper disk brake. KKU 
Engineering Journal, Vol. 31, Issue 3, 2004, p. 299–308. 
[21] Meirovitch L. Principles and Techniques of Vibration. Prentice Hall, 1997. 
 
